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Abstract
The Ck-equivalence is an equivalence relation generated by Ck-moves defined by
Habiro. Habiro showed that the set of Ck-equivalence classes of the knots forms
an abelian group under the connected sum and it can be classified by the additive
Vassiliev invariant of order ≤ k−1. We see that the set of Ck-equivalence classes of
the spatial θ-curves forms a group under the vertex connected sum and that if the
group is abelian, then it can be classified by the additive Vassiliev invariant of order
≤ k − 1. However the group is not necessarily abelian. In fact, we show that it is
nonabelian for k ≥ 12. As an easy consequence, we have the set of Ck-equivalence
classes of m-string links, which forms a group under the composition, is nonabelian
for k ≥ 12 and m ≥ 2.
1. Ck-moves and Vassiliev invariants of spatial θ-curves
A tangle T is a disjoint union of properly embedded arcs in the unit 3-ball B3. A local
move is a pair of tangles (T1, T2) with ∂T1 = ∂T2 such that for each component t of T1
there exists a component u of T2 with ∂t = ∂u. Two local moves (T1, T2) and (U1, U2) are
equivalent if there is an orientation preserving self-homeomorphism ψ : B3 → B3 such
that ψ(Ti) and Ui are ambient isotopic in B
3 relative to ∂B3 for i = 1, 2. Here ψ(Ti) and
Ui are ambient isotopic in B
3 relative to ∂B3 if ψ(Ti) is deformed to Ui by an ambient
isotopy of B3 that is pointwisely fixed on ∂B3.
Let (T1, T2) be a local move, t1 a component of T1 and t2 a component of T2 with
∂t1 = ∂t2. Let N1 and N2 be regular neighbourhoods of t1 and t2 in (B
3 − T1) ∪ t1 and
(B3 − T2) ∪ t2 respectively such that N1 ∩ ∂B
3 = N2 ∩ ∂B
3. Let α be a disjoint union of
properly embedded arcs in B2 × [0, 1] as illustrated in Fig. 1.1. Let ψi : B
2 × [0, 1]→ Ni
be a homeomorphism with ψi(B
2 × {0, 1}) = Ni ∩ ∂B
3 for i = 1, 2. Suppose that
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ψ1(∂α) = ψ2(∂α) and ψ1(α) and ψ2(α) are ambient isotopic in B
3 relative to ∂B3. Then
we say that a local move ((T1− t1)∪ ψ1(α), (T2− t2)∪ψ2(α)) is a double of (T1, T2) with
respect to the components t1 and t2.
Fig. 1.1
A C1-move is a local move (T1, T2) as illustrated in Fig. 1.2. A double of a Ck-move
is called a Ck+1-move. Note that, for each natural number k, there are only finitely many
Ck-moves up to equivalence. It is easy to see that if (T1, T2) is a Cn-move, then (T2, T1) is
equivalent to a Cn-move (but possibly not equivalent to itself). The definition of Ck-move
follows that in [2], and is defferent from the one in [3]. However by an easy induction on
k it is shown that these two definitions are essentially same. In [3], a Ck-move is called a
simple Ck-move, and a Ck-move means a parallel of a Ck-move. The definition of parallel
of a local move appears in Section 3.
Fig. 1.2
Let G be a graph with labeled vertices and edges. Let f : G→ S3 be an embedding
of G into the oriented three sphere S3. The embedding f is called a spatial graph.
Let f1 and f2 be spatial graphs. We say that f2 is obtained from f1 by a local move
(T1, T2) if there is an orientation preserving embedding h : B
3 → S3 such that fi(G) ∩
h(B3) = h(Ti) for i = 1, 2 and f1(G − h(B
3)) = f2(G − h(B
3)) together with the
labels of vertices and edges. Two spatial graphs f1 and f2 are Ck-equivalent if f2 is
obtained from f1 by a finite sequence of Ck-moves and ambient isotopies. We note that
the relation is an equivalence relation on spatial graphs. For a spatial graph f , let [f ]k
denote the Ck-equivalence class that contains f . It is known that Ck-equivalence implies
Ck−1-equivalence [3], [16].
Let l be a positive integer and k1, ..., kl positive integers. Suppose that for each
P ⊂ {1, ..., l}, an spatial graph fP in S
3 is assigned. Suppose that there are mutually
disjoint, orientation preserving embeddings hi : B
3 → S3 (i = 1, ..., l) such that
(1) f∅(G) −
⋃l
i=1 hi(B
3) = fP (G) −
⋃l
i=1 hi(B
3) together with the labels for any subset
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P ⊂ {1, ..., l},
(2) (h−1i (f∅(G)), h
−1
i (f{1,...,l}(G))) is a Cki-move (i = 1, ..., l), and
(3) fP (G) ∩ hi(B
3) =
{
f{1,...,l}(G) ∩ hi(B
3) if i ∈ P,
f∅(G) ∩ hi(B
3) otherwise.
Then we call the set {fP |P ⊂ {1, ..., l}} a singular spatial graph of type (k1, ..., kl).
The θ-curve is a graph θ with two vertices v1, v2 and three edges e1, e2, e3 each of
which joins v1 and v2. When G = θ, a spatial graph and singular spatial graph are called
spatial θ-curve and singular spatial θ-curve respsctively. A spatial θ-curve is trivial if its
image is contained in a 2-sphere in S3. In the remainder of this sction, we consider only
the case that a graph is the θ-curve.
Let Γ be the set of all spatial θ-curve types in S3 and ZΓ the free abelian group
generated by Γ. For a singular spatial θ-curve f = {fP |P ⊂ {1, ..., l}} of type (k1, ..., kl),
we define an element κ(f) of ZΓ by
κ(f) =
∑
P⊂{1,...,l}
(−1)|P |fP .
Let V(k1, ..., kl) be the subgroup of ZΓ generated by all κ(f) where f varies over all
singular spatial θ-curves of type (k1, ..., kl).
For two spatial θ-curves f1 and f2, remove small balls centred at f1(v2) and f2(v1)
from S3, then identify the boundaries so that the images of i-th edge are joined for each
i. Then we obtain a new spatial θ-curve. We call this embedding the vertex connected
sum of f1 and f2, and denote by f1#f2. The vertex connected sum is well-defined up to
ambient isotopy [18]. Let f1#f2 be the vertex connected sum of two spatial θ-curves f1
and f2. Then f1#f2−f1−f2 ∈ ZΓ is called a composite relator. Let R# be the subgroup
of ZΓ generated by all composite relators.
Let ι : Γ → ZΓ be the natural inclusion map. Let pi : ZΓ → ZΓ/V(k1, ..., kl) and
λ : ZΓ/V(k1, ..., kl) → ZΓ/(V(k1, ..., kl) + R#) be the quotient homomorphisms. Then
the composite maps pi◦ι : Γ→ ZΓ/V(k1, ..., kl) and λ◦pi◦ι : Γ→ ZΓ/(V(k1, ..., kl)+R#)
are called the universal Vassiliev invariant of type (k1, ..., kl) and universal additive Vas-
siliev invariant of type (k1, ..., kl) respectively. We denote them by v(k1,...,kl) and w(k1,...,kl)
respectively. In the case of knots, these are same invariants as defined by K. Taniyama
and the author [17]. Similarly, we can also define V(k1, ..., kl) and the universal Vas-
siliev invariant v(k1,...,kl) for the embeddings of any graph. Since a C1-move is a crossing
change we see that a singular spatial graph of type (1, ..., 1︸ ︷︷ ︸
l
) is essentially the same as a
singular saptial graph with l crossing vertices in the sense of T. Stanford [12]. There-
fore we see that v(1,...,1) is the universal Vassiliev invariant of order ≤ l − 1. Note that
v(1,...,1)(f1) = v(1,...,1)(f2) if and only if v(f1) = v(f2) for any Vassiliev invariant v of order
≤ l − 1. In the case of links, v(2,...,2) is the same as that defined in [7], [13]. In [16]
Taniyama and the author defined finite type invariants of order (k;n) for the embeddings
of a graph, which are essentially same as v(n− 1, ..., n− 1︸ ︷︷ ︸
k+1
).
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By the arguments similar to that in Proofs of Theorems 1.1 and 1.2 in [17] and that
in Proof of Theorem 1.4 in [17], we have the following two theorems.
Theorem 1.1. Let k1, ..., kl be positive integers and k = k1+ · · ·+kl. Then the followings
hold.
(1) V(k) ⊂ V(k1, ..., kl) ⊂ V(1, ..., 1︸ ︷︷ ︸
k
).
(2) V(k1, ..., kl) +R# = V(k) +R#. ✷
Remark. Theorem 1.1(1) holds for the spatial embeddings of any graph.
Theorem 1.2. The Ck-equivalence classes of the spatial θ-curves forms a group with the
unit element [f0]k under the vertex connected sum, where f0 is a trivial θ-curve. ✷
We denote by Gk this group. Let ϕ : Gk → ZΓ/V(k) be a map induced by the
inclusion ι : Γ→ ZΓ. By Theorem 1.2, ϕ is a well-defined, epimorphism. (In fact, ϕ is an
isomorphism, see the remark after Corollary 1.4.) Since ϕ([Gk, Gk]) = R#, by Theorem
1.1 (2), we have the following theorem.
Theorem 1.3. Let k1, ..., kl be positive integers and k = k1 + · · ·+ kl. Then Gk/[Gk, Gk]
is isomorphic to ZΓ/(V(k1, ..., kl) +R#). ✷
Let f1 and f2 be spatial θ-curves and k = k1+ · · ·+kl. If f1 and f2 are Ck-equivalent,
then by Theorem 1.1 (1), f1−f2 ∈ V(k) ⊂ V(k1, ..., kl). Therefore we have v(k1,...,kl)(f1) =
v(k1,...,kl)(f2). On the other hand, if v(k1,...,kl)(f1) = v(k1,...,kl)(f2), then w(k1,...,kl)(f1) =
w(k1,...,kl)(f2). Hence we have f1 − f2 ∈ V(k1, ..., kl) + R#. If Gk is abelian group, i.e.,
[Gk, Gk] = {id}, then by Theorem 1.3, f1 and f2 are Ck-equivalent. So we have the
following corollary.
Corollary 1.4. Let k1, ..., kl be positive integers and k = k1 + · · · + kl. Let f1 and f2
be spatial θ-curves. If Gk is an abelian group, then the following conditions are mutually
equivalent.
(1) f1 and f2 are Ck-equivalent,
(2) v(k1,...,kl)(f1) = v(k1,...,kl)(f2),
(3) w(k1,...,kl)(f1) = w(k1,...,kl)(f2). ✷
Remark. Let f1 and f2 be spatial graphs (not necessarily θ-curve). If f1 − f2 ∈ V(k),
then there are singular spatial graphs f i’s of type (k) and integers xi’s such that f1−f2 =∑
xiκ(f
i). By induction on
∑
|xi|, we see that f1 and f2 are Ck-equivalent. Since
f1 − f2 ∈ V(k) if f1 and f2 are Ck-equivalent, we have the following: Two spatial graphs
f1 and f2 are Ck-equivalent if and only if v(k)(f1) = v(k)(f2).
Theorem 1.5. Let f0 be a trivial spatial θ-curve. Then the followings hold.
(1) For each f ∈ [f0]k, [f ]k+2 belongs to the center of Gk+2.
(2) If 2l ≥ k, then the set H lk = {[f ]k|f ∈ [f0]l} is an abelian subgroup of Gk.
By [15] and [8], we have [f0]1 = [f0]2 = Γ. Hence, by Theorem 1.5(2), H
2
4 = G4 is
abelian. By Corollary 1.4, we have
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Corollary 1.6. Let k1, ..., kl (l ≤ 4)be positive integers and k = k1 + · · ·+ kl ≤ 4. Let f1
and f2 be spatial θ-curves. Then the following conditions are mutually equivalent.
(1) f1 and f2 are Ck-equivalent,
(2) v(k1,...,kl)(f1) = v(k1,...,kl)(f2),
(3) w(k1,...,kl)(f1) = w(k1,...,kl)(f2). ✷
Remark. As a special case of Corollary 1.6, we see that for k ≤ 4 two spatial θ-curves
are Ck-equivalent if and only if the universal (additive) Vassiliev invariant of order ≤ k−1
are equal. Meanwhile, a basis for the space of Vassiliev invariants of order ≤ 4 is known
[4],[6].
Theorem 1.7. Let f0 be a trivial spatial θ-curve, and let f1 and f2 be in [f0]k. Then f1
and f2 are C2k-equivalent if and only if v(k,k)(f1) = v(k,k)(f2).
As we saw before, Gk is abelian for k ≥ 4. However Gk is not necessarily abelian. In
fact, we have the following theorem.
Theorem 1.8. The group Gk is nonabelian for any k ≥ 12.
Remarks (1) If Gk is abelian, then so is Gk′ for any k
′(< k).
(2) In the proof of Theorem 1.8, we see that there are two spatial θ-curves g and h such
that g − h is in R# and is not in V(1, ..., 1︸ ︷︷ ︸
k
) for k ≥ 12. Hene v(k1,...,kl)(g) 6= v(k1,...,kl)(h)
for k1 + · · · + kl ≥ 12 by Theorem 1.1(1), while w(k1,...,kl)(g) = w(k1,...,kl)(h) for any
k1, ..., kl. In contrast, for any knots K and K
′, v(k1,...,kl)(K) = v(k1,...,kl)(K
′) if and only if
w(k1,...,kl)(K) = w(k1,...,kl)(K
′) [17].
(3) Habiro showed the set of Ck-equivalence classes Sk(m) of m-string links forms a group
under the composition [3]. By considering the complement of a regular neighbourhood
of one of edges, we have that there is a surjection from the 2-string links to the spatial
θ-curves. Since the surjection induces an epimorphism from Sk(2) to Gk and since there
is an epimorphism from Sk(m) (m > 2) to Sk(2), Sk(m) is nonabelian for any m ≥ 2 and
k ≥ 12.
The following is still open.
Problem. Find the minimum number k (5 ≤ k ≤ 12) such that Gk is nonabelian.
2. Band description of spatial graphs
A C1-link model is a pair (α, β) where α is a disjoint union of properly embedded
arcs in B3 and β is a disjoint union of arcs on ∂B3 with ∂α = ∂β as illustrated in Fig.
2.1. Suppose that a Ck-link model (α, β) is defined where α is a disjoint union of k + 1
properly embedded arcs in B3 and β is a disjoint union of k+1 arcs on ∂B3 with ∂α = ∂β
such that α ∪ β is a disjoint union of k + 1 circles. Let γ be a component of α ∪ β and
W a regular neighbourhood of γ in (B3 − (α ∪ β)) ∪ γ. Let V be an oriented solid
torus, D a disk in ∂V , α0 properly embedded arcs in V and β0 arcs on D as illustrated
in Fig. 2.2. Let ψ : V → W be an orientation preserving homeomorphism such that
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ψ(D) = W ∩ ∂B3 and ψ(α0 ∪ β0) bounds disjoint disks in B
3. Then we call the pair
((α− γ)∪ψ(α0), (β − γ)∪ ψ(β0)) a Ck+1-link model. A link model is a Ck-link model for
some k. It is known that, for a Ck-link model (α, β), the local move (α, βˆ) is equivalent
to a Ck-move [17], where βˆ is a slight push in of β.
Fig. 2.1 Fig. 2.2
Let f1 be a spatial θ-curve, and let (α1, β1), ..., (αl, βl) be link models. Let ψi :
B3 → S3 (i = 1, ..., l) be mutually disjoint, orientation preserving embeddings, and let
b1,1, b1,2, ..., b1,ρ(1), b2,1, b2,2, ..., b2,ρ(2), ..., bl,1, bl,2, ..., bl,ρ(l) be mutually disjoint disks embed-
ded in S3. Suppose that they satisfy the following conditions;
(1) ψi(B
3) ∩ f1(θ) = ∅ for each i,
(2) bi,k ∩ f1(θ) = ∂bi,k ∩ (f1(θ)− f(v1 ∪ v2)) is an arc for each i, k,
(3) bi,k ∩ (
⋃l
j=1 ψj(B
3)) = ∂bi,k ∩ ψi(B
3) is a component of ψi(βi) for each i, k,
(4) (
⋃ρ(i)
k=1 bi,k) ∩ ψi(B
3) = ψi(βi) for each i.
Let f2 be a spatial θ-curve defined by
f2(θ) = f1(θ) ∪ (
⋃
i,k
∂bi,k) ∪ (
l⋃
i=1
ψi(αi))−
⋃
i,k
int(∂bi,k ∩ f1(θ))−
l⋃
i=1
ψi(intβi),
where the labels of f2(θ) coincides that of f1(θ) on f1(θ) −
⋃
i,k bi,k. When (αi, βi) is a
Ck-link model, we call ψi(B
3) a Ck-link ball. We set Bi = ((αi, βi), ψi, {bi,1, ..., bi,ρ(i)}) and
call Bi a Ck-chord when (αi, βi) is a Ck-link model. We denote f2 by Ω(f1; {B1, ...,Bl})
and call it a band description of f2. We also say f2 is a band sum of f1 and link models
(α1, β1), ..., (αl, βl).
By the arguments similar to that in Proof of Lemma 3.6 [17], we have
Lemma 2.1. Two spatial θ-curves f1 and f2 are Ck-equivalence if and only if there are
spatial θ-curves f ′1 and f
′
2 such that f
′
i is ambient isotopic to fi (i = 1, 2) and f
′
2 is a band
sum of f ′1 and some Ck-link models. ✷
In the following lemma, the former assertion follows directly from Lemma 3.9 in [17]
and the latter can be shown by the similar arguments as in proof of Lemma 3.9 in [17].
Lemma 2.2. A local move as illustrated in Fig. 2.3 (resp. Fig. 2.4) is realized by a
Cj+k-move (resp. Cj+k+1-move). ✷
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Fig. 2.3
Fig. 2.4
Proof of Theorem 1.5. (1) Suppose f ∈ [f0]k, then by Lemma 2.1, we may assume that
f is a band sum of f0 and some Ck-link models. Let g be a spatial θ-curve. Since Γ = [f0]2,
we may suppose g is a band sum of f0 and some C2-link models. It is not hard to see that
f#g and g#f are transposed each other by the moves as in Figs. 2.3 and 2.4, where we
consider the case j = 2, and ambient isotopies. Thus by Lemma 2.2 we have f#g is Ck+2-
equivalent to g#f . Hence we have [f ]k+2[g]k+2 = [f#g]k+2 = [g#f ]k+2 = [g]k+2[f ]k+2.
(2) Suppose that both [f1]k and [f2]k belong to H
l
k. Then we note that [f1]k[f2]k =
[f1#f2]k ∈ H
l
k. If [f ]k belongs to H
l
k, then by Lemma 2.1, we may assume that f =
Ω(f0; {B1, ...,Bn}) and f0 = Ω(f ; {B
′
1, ...,B
′
m}) for some Cl-chords B1, ...,Bn,B
′
1, ...,B
′
m.
By using Sublemma 3.5 in [17] repeartedly, there are Cl-chords B
′′
1 , ...,B
′′
m such that
f0 is ambient isotopic to Ω(f0; {B1, ...,BnB
′′
1 , ...,B
′′
m}). By Lemma 2.2, we can deform
Ω(f0; {B1, ...,BnB
′′
1 , ...,B
′′
m}) into Ω(f0; {B1, ...,Bn})#Ω(f0; {B
′′
1 , ...,B
′′
m}) by C2l-moves and
ambient isotopies, i.e., f0 and f#Ω(f0; {B
′′
1 , ...,B
′′
m}) are C2l-equivalent. Since 2l ≥ k, f0
and f#Ω(f0; {B
′′
1 , ...,B
′′
m}) are Ck-equivalent. This implies that [Ω(f0; {B
′′
1 , ...,B
′′
m})]k =
[f ]−1k ∈ H
l
k. Therefore H
l
k is a subgroup of Gk. By the arguments similar to that in (1),
we see that H lk is abelian. ✷
Let v be an invariant of the embeddings of a graph that takes values in an abelian
group. We call v a Vassiliev invariant of type (k1, ..., kl) if, for any singular spatial graph
{fP |P ⊂ {1, ..., l}} of type (k1, ..., kl),∑
P⊂{1,...,l}
(−1)|P |v(fP ) = 0.
Proof of Theorem 1.7. The ‘only if’ part follows from Theorem 1.1(1). We shall show
‘if’ part. Let ϕ : Γ→ Hk2k be a map defined as follows:
ϕ(f) =
{
[f ]2k if f ∈ [f0]k,
0 otherwise.
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Clearly, ϕ is an invarinat. Now we will show that ϕ is a Vassiliev invariant of type (k, k).
Let {hP |P ⊂ {1, 2}} be a singular spatial θ-curve of type (k, k). Since {hP |P ⊂ {1, 2}} ⊂
[h∅]k, we have ϕ(hP ) = 0 if [h∅]k 6= [f0]k. So we may suppose that [h∅]k = [f0]k. Then we
have ∑
P⊂{1,2}
(−1)|P |ϕ(hP ) = [h∅]2k − [h{1}]2k − [h{2}]2k + [h{1,2}]2k.
Since [h∅]k = [f0]k, by Lemma 2.1, we may assume that h∅ = Ω(f0; {B1, ...,Bn}) for
some Ck-chords B1, ...,Bn. By Sublemma 3.1 in [17] (or Lemma 3.7 in the next section),
there are Ck-chords B
′
1,B
′
2 such that Ω(h∅;∪i∈P{B
′
i}) is ambient isotopic to hP . By the
arguments similar to that in the proof of Sublemma 3.5 in [17], we see that there are
Ck-chords B
′′
1 ,B
′′
2 such that Ω(f0; {B1, ...,Bn} ∪ (∪i∈P{B
′′
i })) is ambient isotopic to hP .
Since B1, ...,Bn,B
′′
1 ,B
′′
2 are Ck-chords, by Lemma 2.2, we have
[Ω(f0; {B1, ...,Bn} ∪ {B
′′
1 ,B
′′
2})]2k = [Ω(f0; {B1, ...,Bn})#Ω(f0; {B
′′
1})#Ω(f0; {B
′′
2})]2k,
and
[Ω(f0; {B1, ...,Bn} ∪ {B
′′
i })]2k = [Ω(f0; {B1, ...,Bn})#Ω(f0; {B
′′
i })]2k (i = 1, 2).
Hence we have∑
P⊂{1,2}(−1)
|P |ϕ(hP )
= [f∅]2k − [f∅#Ω(f0; {B
′′
1})]2k − [f∅#Ω(f0; {B
′′
2})]2k
+[f∅#Ω(f0; {B
′′
1})#Ω(f0; {B
′′
2})]2k = 0 ∈ H
k
2k.
Therefore ϕ is a Vassiliev invariant of type (k, k). This and the assumption v(k,k)(f1) =
v(k,k)(f2) imply ϕ(f1) = ϕ(f2). By the definition of ϕ, we have [f1]2k = [f2]2k. ✷
3. Disk/band surfaces and Vassiliev invariants of spatial graphs
A graph G is trivalent if the valence of any vertex of G is equal to 3. A graph G is
planar if there exists an embedding f0 : G → R
2. A connected, planar graph G is said
to be prime if, for any embedding f0 : G → R
2, there exist no simple closed curves C
in R2 satisfying either the following (1) or (2) (cf. [14], [5]), where A, B are the two
components of R2 − C.
(1) C meets f0(G) in a single point such that both A∩f0(G) and B∩f0(G) are non-empty.
(2) C meets f0(G) in two points such that both A ∩ f0(G), B ∩ f0(G) are neither empty
nor single open arcs.
For any connected, planar graph G, we fix a planar embedding f0 : G→ R
2 arbitrarily.
The image f0(G) has complementary domains D1, D2, ..., Dn that are bounded and one
unbounded D0. The preimage ci = f
−1
0 (∂Di) is a 1-complex which can be viewed as a
1-cycle in H1(G;Z). We call ci (i 6= 0), c0 respectively a boundary cycle and the outermost
cycle in G with respect to f0.
For a spatial embedding f : G→ S3 of a graph G, a disk/band surface S of f(G) is a
compact, orientable surface in S3 such that f(G) is a deformation retract of S contained
in intS [5].
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In [10], T. Soma, H. Sugai and the author showed the following theorem.
Theorem 3.1. ([10, Theorem 1]) Suppose that G is a connected, planar, prime and
trivalent graph, and f0 : G→ R
2 is an embedding. Then, for any embedding f : G→ S3,
there exists the unique disk/band surface S of f(G) up to ambient isotopy of which the
Seifert pairings satisfying the following equation.
〈f(ci), f(cj)〉S =


−lk(f(ci), f(c0))−
∑
ci∩ck=∅
lk(f(ci), f(ck)) if i = j and ci ∩ c0 = ∅
0 if i 6= j and ci ∩ cj 6= ∅
0 if i = j and ci ∩ c0 6= ∅
lk(f(ci), f(cj)) if ci ∩ cj = ∅,
where ci, cj , ck are boundary cycles and c0 is the outermost cycle with respect to f0. ✷
We call the disk/band surface above the canonical disk/band surface for f . Note that
the Seifert linking form of the canonical disk/band surface depends only on the linking
numbers of pairs of disjoint cycles. If G is the θ-curve or the complete graph with 4
vertices, then the cannonical disk/band surface is same as the disk/band surface with
zero Seifert linking form that is defined in [5]. By the proof of Theorem 1 in [10], we
note that the canonical disk/band surface is given as the image of an embedding of the
regular neighborhood S0 of f0(G) in R
2. Thus by fixing orientation and label of ∂S0, we
have an ordered, oriented link as the image of an embedding of ∂S0. From now on, we
always assume that, for each graph G, ∂S0 has fixed orientation and label.
Let (T1, T2) be a local move, t11, ..., t1n the components of T1 and t21, ..., t2n the com-
ponents of T2 with ∂t1i = ∂t2i (i = 1, ..., n). Let N1i and N2i be regular neighbourhoods
of t1i and t2i in B
3 respectively such that N1i ∩ ∂B
3 = N2i ∩ ∂B
3 (i = 1, ..., n) and
N1i ∩N1j = N2i ∩N2j = ∅ (1 ≤ i < j ≤ n). Let αi (i = 1, ..., n) be disjoint union of prop-
erly embedded li arcs in B
2 × [0, 1] as illustrated in Fig. 3.1. Let ψji : B
2 × [0, 1]→ Nji
be a homeomorphism with ψji(B
2×{0, 1}) = Nji∩∂B
3 for j = 1, 2, i = 1, ..., n. Suppose
that ψ1i(∂αi) = ψ2i(∂αi) and ψ1i(αi) and ψ2i(αi) are ambient isotopic in B
3 relative to
∂B3. Then we say that a local move (
⋃n
i=1 ψ1i(αi),
⋃n
i=1 ψ2i(αi)) is a parallel of (T1, T2)
with weight (l1, ..., ln).
Fig. 3.1
Proposition 3.2. Let G be a connected, planar, prime and trivalent graph. Let fi : G→
S3 (i = 1, 2) be embeddings and Si the canonical disk/band surface for fi (i = 1, 2). If f1
and f2 are Ck-equivalent, then ∂S1 and ∂S2 are Ck-equivalent.
Let T1 and T2 be tangles. We say that T2 is obtained from T1 by a local move (U1, U2) if
there is an orientation preserving embedding h : B3 → intB3 such that Si∩h(B
3) = h(Ui)
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for i = 1, 2 and T1 − h(B
3) = T2 − h(B
3). Two tangles T1 and T2 are Ck-equivalent if T2
is obtained from T1 by a finite sequence of Ck-moves and ambient isotopies relative ∂B
3.
Lemma 3.3. (cf. [3, Claim on p. 26]) Let (T1, T2) be a parallel of a Ck-move. Then T1
and T2 are Ck-equivalent.
Proof. Let (U1, U2) be a Ck-move, u11, ..., u1k+1 and u21, ..., u2k+1 the components of U1
and U2 respectively. Suppose that (T1, T2) is a parallel of (U1, U2) with weight (l1, ..., lk+1).
We give a proof by induction on l1 × · · · × lk+1. In the case that l1 × · · · × lk+1 = 1, it
obviously holds. Suppose l1 × · · · × lk+1 ≥ 2. We may suppose l1 ≥ 2. By Lemma 2.1
in [17], we may assume that the Ck-move (U1, U2) is as illustrated in Fig. 3.2, i.e., the
arcs except for ui1 are contained in the shaded part in Ui (i = 1, 2). It is not hard to see
that T2 is obtained from T1 by l1 local moves that are paralells of (U1, U2) with weight
(1, l2, ..., lk+1). This completes the proof. ✷
Fig. 3.2
Proof of Proposition 3.2. In the case k = 1, it clearly holds. We consider the
case k ≥ 2. It is sufficient to consider the case that f2 is obtained from f1 by a single
Ck-move. Suppose that f2 is obtained from f1 by a Ck-move. Then there is an embed-
ding h : B3 → S3 such that (h−1(f1(θ)), h
−1(f2(θ))) is a Ck-move and f1(θ) − h(B
3) =
f2(θ) − h(B
3) together with the labels. We may suppose that (h−1(∂S1), h
−1(∂S2)) is a
parallel of the Ck-move (h
−1(f1(θ)), h
−1(f2(θ))) with weight (2, ..., 2). Then we have
a new disk/band surface S ′2 for f2 from S1 by the local move (h
−1(∂S1), h
−1(∂S2)).
Since Ck-move (n ≥ 2) does not change the linking number, by Theorem 3.1, we have
〈f1(ci), f1(cj)〉S1 = 〈f2(ci), f2(cj)〉S2 , and since the local move (h
−1(∂S1), h
−1(∂S2)) does
not change the Seifert linking form of a disk/band surface, we have 〈f1(ci), f1(cj)〉S1 =
〈f2(ci), f2(cj)〉S′
2
. So we have 〈f2(ci), f2(cj)〉S2 = 〈f2(ci), f2(cj)〉S′2 . By Theorem 3.1, S2
is ambient isotopic to S ′2. Thus ∂S2 is obtained from ∂S1 by a parallel of a Ck-move.
Lemma 3.3 completes the proof. ✷
Let G be a connected, planar, prime and trivalent graph and Γ(G) the set of spatial
graph types. Let v be an invariant of ordered, oriented links that takes values in an
abelian group A. Then we define a map s : Γ(G) → A as s(f) = v(∂S), where S is the
canonical disk/band surface for f . By Theorem 3.1, s is an invariant of f . We call s the
invariant induced from v.
Theorem 3.4. Let G be a connected, planar, prime and trivalent graph and Γ(G) the
set of spatial graph types. Let v be a Vassiliev invariant of type (k1, ..., kl) for ordered,
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oriented links. Then the invariant for Γ(G) induced from v is a Vassiliev invariant of
type (k1, ..., kl).
In Theorem 3.4, the case of that a graph is the θ-curve and k1 = · · · = kl = 1 is given by
Stanford [11].
By the arguments similar to that in the proof of Lemma 1.4 in [11], we have
Lemma 3.5. Let v be a Vassiliev invariant of type (k1, ..., kl) for ordered, oriented links
and s the invariant induced from v. Let {fP |P ⊂ {1, ..., l}} be a singular spatial graph of
type (k1, ..., kl). Let LP be the ordered, oriented link that is the boundary of the canonical
disk/band surface for fP (P ⊂ {1, ..., l}). Suppose there are mutually disjoint embeddings
hij : B
3 → S3 (i = 1, ..., l, j = 1, ..., ni) such that
(1) L∅ −
⋃
i,j hij(B
3) = LP −
⋃
i,j hij(B
3) together with orientations and labels of the
components for any subset P ⊂ {1, ..., l},
(2) (h−1ij (L∅), h
−1
ij (L{1,...,l})) is a Cki-move (i = 1, ..., l, j = 1, ..., ni), and
(3) LP ∩ hij(B
3) =
{
L{1,...,l} ∩ hij(B
3) if i ∈ P,
L∅ ∩ hij(B
3) otherwise.
Then we have ∑
P⊂{1,...,l}
(−1)|P |s(fP ) =
∑
P⊂{1,...,l}
(−1)|P |v(LP ) = 0.✷
The following lemma follows directly from the proof of Theorem 1 in [10].
Lemma 3.6. Let G be a connected, planar, prime and trivalent graph, f0 : G → R
2
an embedding, and S0 the regular neighborhood of f0(G) in R
2. Let S be a disk/band
surface for an embedding f . Suppose that S is the image of an embedding of S0 that is
an extension of f . Then the canonical disk/band surface for f is obtained from S by a
finite sequence of the moves as illustrated in Fig. 3.3. ✷
Fig. 3.3
In the definition of band sum in Section 2, by replacing fi(θ) with Ti (i = 1, 2), we can
define that T2 is a band sum of T1 and link models (α1, β1), ..., (αl, βl). By the arguments
similar to that in Proof of Lemma 3.6 [17], we have the following lemma.
Lemma 3.7. Two tangles T1 and T2 are Ck-equivalent if and only if there are tangless
T ′1 and T
′
2 such that T
′
i is ambient isotopic to Ti (i = 1, 2) relative ∂B
3 and T ′2 is a band
sum of T ′1 and some Ck-link models. ✷
Lemma 3.8. Let T1 and T2 be tangles. If T2 is obtained from T1 by a parallel of
a Ck-move, then there are tangles T
′
1, T
′
2 and mutually disjoint, orientation preserving
embeddings hi : B
3 → intB3 (i = 1, ..., n) such that
(1) T ′j is ambient isotopic to Tj (j = 1, 2) relative ∂B
3,
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(2) T ′1 −
⋃
i hi(B
3) = T ′2 −
⋃
i hi(B
3), and
(3) (h−1i (T
′
1), h
−1
i (T
′
2)) is a Ck-move (i = 1, ..., n).
Proof. By Lemma 3.3, T1 and T2 are Ck-equivalent. By Lemma 3.7, there are tangles
T ′1 and T
′
2 such that T
′
j is ambient isotopic to Tj (j = 1, 2) relative ∂B
3 and that T ′2 is a
band sum of T ′1 and some Ck-link models (α1, β1), ..., (αn, βn). Since (αi, βˆi) (i = 1, ..., n)
are Ck-moves, we have the conclusion. ✷
Proof of Theorem 3.4. Since {fP |P ⊂ {1, ..., l}} is a singular spatial graph of type
(k1, ..., kl), by the definition, there are mutually disjoint, orientation preserving embed-
dings hi : B
3 → S3 (i = 1, ..., l) such that
(1) f∅(G) −
⋃
i hi(B
3) = fP (G) −
⋃
i hi(B
3) together with the labels for any subset
P ⊂ {1, ..., l},
(2) (h−1i (f∅(G)), h
−1
i (f{1,...,l}(G))) is a Cki-move (i = 1, ..., l), and
(3) fP (G) ∩ hi(B
3) =
{
f{1,...,l}(G) ∩ hi(B
3) if i ∈ P,
f∅(G) ∩ hi(B
3) otherwise.
Let S∅ be the canonical disk/band surface for f∅. By considering the intersections
S∅ ∩ hi(B
3) (i = 1, ..., l), we find disk/band surfaces SP for fP (P ⊂ {1, ..., l}) such
that
(1) S∅ −
⋃
i hi(B
3) = SP −
⋃
i hi(B
3)
(2) (h−1i (∂S∅), h
−1
i (∂S{1,...,l})) is a parallel of a Cki-move (i = 1, ..., l), and
(3) SP ∩ hi(B
3) =
{
S{1,...,l} ∩ hi(B
3) if i ∈ P,
S∅ ∩ hi(B
3) otherwise.
By the proof of Proposition 3.2, if ki ≥ 2 for any i ∈ P , then SP is the canonical disk/band
surface. Set hi = hi1 (i = 1, ..., l). By Lemma 3.6, there are mutually disjoint, orientation
preserving embeddings hij : B
3 → S3 (i = 1, ..., l, j = 1, ..., ni), where ni = 1 if ki ≥ 2,
and the canonical disk/band surfaces S ′P for fP such that
(1) S ′∅ −
⋃
i,j hij(B
3) = S ′P −
⋃
i,j hij(B
3),
(2) (h−1ij (∂S
′
∅), h
−1
ij (∂S
′
{1,...,l})) is a paralell of Cki-move (i = 1, ..., l, j = 1, ..., ni), and
(3) S ′P ∩ hij(B
3) =
{
S ′{1,...,l} ∩ hij(B
3) if i ∈ P,
S ′∅ ∩ hij(B
3) otherwise.
By combining this, Lemmas 3.8 and 3.5, we have the conclusion. ✷
Let G be a connected, planar, prime and trivalent graph and E(G) = {e1, ..., en} the
set of edges of G. Let Sf be the cannonical disk/band surface for a spatial embedding f
of G, and let Sf (x1, ..., xn; y1, ..., yn) (xi ∈ Z, yj ∈ {−1, 0, 1}) be a surface obtained from
Sf as illustrated in Fig. 3.4. We note that Sf(x1, ..., xn; y1, ..., yn) depends only on Sf and
the integers x1, ..., xn, y1, ..., yn. This means Sf(x1, ..., xn; y1, ..., yn) is the unique surface
for f . Let v be an invariant of ordered, oriented links that takes values in an abelian group
A. Then we can define an invariant s(x1,...,xn;y1,...,yn) : Γ(G) → A as s(x1,...,xn;y1,...,yn)(f) =
v(∂Sf (x1, ..., xn; y1, ..., yn)). We call s(x1,...,xn;y1,...,yn) the invariant induced from v with
respect to x1, ..., xn, y1, ..., yn.
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Fig. 3.4
By the arguments similar to that in the proofs of Proposition 3.2 and Theorem 3.4, we
have the following theorem.
Theorem 3.9 Let G be a connected, planar, prime and trivalent graph and E(G) =
{e1, ..., en} the set of edges of G. Then the followings hold.
(1) Let f1 and f2 be spatial graphs and Si(x1, ..., xn; y1, ..., yn) the surface obtained
from the canonical disk/band surface for fi (i = 1, 2). If f1 and f2 are Ck-equivalent,
then ∂S1(x1, ..., xn; y1, ..., yn) and ∂S2(x1, ..., xn; y1, ..., yn) are Ck-equivalent.
(2) Let v be a Vassiliev invariant of type (k1, ..., kl) for ordered, oriented links. Then
the invariant s(x1,...,xn;y1,...,yn) for spatial embeddings of G induced from v is a Vassiliev
invariant of type (k1, ..., kl). ✷
Proof of Theorem 1.8. Suppose that Gk is abelian. Let f1 and f2 be spatial θ-curves
as illustrated in Fig. 3.5. Since Gk is abelian, g = f1#f1#f2 and h = f1#f2#f1 are Ck-
equivalent. Then, by Theorem 1.1(1), g−h ∈ V(1, ..., 1︸ ︷︷ ︸
k
). This means that g and h cannot
be distinguished by any Vassiliev invariant of order ≤ k − 1. Let Sg(1, 1,−1; 0, 0, 1) and
Sh(1, 1,−1; 0, 0, 1) be the surfaces obtained from the cannonical disk/band surfaces for
g and h respectively. We note that ∂Sg(1, 1,−1; 0, 0, 1) and ∂Sh(1, 1,−1; 0, 0, 1) contain
pretzel knots Kg = P (3, 3,−3,−2) and Kh = P (3,−3, 3,−2) respectively, see Fig. 3.6.
Let v be a Vassiliev invariant for oriented link of order ≤ k − 1. By combining Theorem
3.9(1) and the fact that a Ck-moves preserves Vassiliev invariants of order ≤ k − 1 [3]
(or simply by Theorem 3.9(2)), we have v(∂Sg(1, 1,−1; 0, 0, 1)) = v(∂Sh(1, 1,−1; 0, 0, 1)).
Hence v(P (3, 3,−3,−2)) = v(P (3,−3, 3,−2)). Let QK(q) be the quantum invariant of
a knot K corresponding to the representation of the partition (2, 1) of the quantum
enveloping algebra U(sl4). Then, using the computer software ‘K2K’ by M. Ochiai and
N. Imafuji [9], we have
QKg(q)−QKh(q)
QO(q)
= q8(−1 + q)11(1 + q)11(1 + q2)3(1− q + q2)3(1 + q + q2)3
×(1 + q4)2(1− q2 + q4)(1− q + q2 − q3 + q4 − q5 + q6)2
×(1 + q + q2 + q3 + q4 + q5 + q6)2(1 + q8)
×(1 − q2 + q4 − q6 + q8 − q10 + q12),
where O is a trivial knot. Since this is divisible by (1 − q)11 and is not divisible by
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(1− q)12, these pretzel knots can be distinguished by a Vassiliev invariant of order ≤ 11
[1]. Hence we have k < 12. This completes the proof. ✷
Fig. 3.5
Fig. 3.6
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